This paper presents procedures for constructing irreducible polynomials over GF(2 s ) with linearly independent roots (or normal polynomials or N-polynomials). For a suitably chosen initial N-polynomial (2 sn2 
Introduction and statement of the problem
This paper presents results concerning the construction of N-polynomials over Galois fields of characteristic 2. We use the definitions and notations given by Meyn [9] where a similar problem for fields of odd characteristic was considered.
For a prime power q = p s and a positive integer n, let GF(q) and GF(q n ) be the finite fields with q and q n elements, respectively. A normal basis N for GF(q n ) over GF(q) is a basis of the form N = N := { , q , . . . , q n−1 } for some element ∈ GF(q n ), i.e., a basis that consists of the orbit of an element ∈ GF(q n ) relative to the Galois group of GF(q n ) over GF (q) . Any element ∈ GF(q n ) for which that orbit is such a basis is said to be a normal element in, or normal basis generator for, GF(q n ) (over GF(q)).
In this paper, only monic polynomials, i.e., polynomials whose leading coefficient is equal to 1, are studied.
Recall that a monic irreducible polynomial F (x) ∈ GF(q) [x] is called normal if its roots form a normal basis or, equivalently, if they are linearly independent over GF(q). Following Schwarz [12] , we shall call these polynomials N-polynomials.
As the elements in a normal basis are exactly the roots of some N-polynomial, there is a canonical one-to-one correspondence between N-polynomials and normal bases. The problem in general is: given an integer n and the ground field GF(q), construct a normal basis of GF(q n ) over GF(q) or, equivalently, construct an N-polynomial in GF(q) [x] of degree n.
We consider certain infinite extensions of a finite field GF(2 sn ) of the form
that are specified by a sequence of irreducible polynomials
The basis of our construction is the iterated application of the Q-transformation which is defined as follows:
is the polynomial of degree 2m defined by
Varshamov and Kyuregyan have shown that this transformation can be used to produce an infinite sequence of irreducible monic polynomials over GF(2) (cf. [14] ) or, respectively, over GF(2 s ) (cf. [4] ) which, in addition, is trace compatible, i.e., the degree deg(
Proposition 1 (Kyuregyan [4, Corollary 3] 
Then, all members of the sequence (F k (x)) k 0 defined recursively by
of degree 2 whose two roots are the elements
In this note, we will show that all members of the sequence (F k (x)) k 0 defined above are N-polynomials whenever the initial polynomial F 0 (x) is an N-polynomial, thus providing a computationally simple and explicit construction of trace-compatible sequences (F k (x)) k 0 of N-polynomials over fields of characteristic 2 that, starting with a suitable normal polynomial F 0 (x) of arbitrary degree 1 works by iterating the Q-transformation x → x + x −1 introduced above.
The construction of N-polynomials over any finite fields is a challenging mathematical problem. Interest in Npolynomials stems from both, mathematical theory as well as practical applications such as coding theory and cryptosystems using finite fields.
Several authors have given algorithms for the construction of normal bases. The polynomial-time algorithms given by Lenstra [5] and Lüneburg [6] are similar to the classical procedure of Gauss for determining primitive elements in cyclic groups. Semaev [13] has given a general algorithm which reduces, in deterministic polynomial time, the construction of a normal basis to factoring polynomials. In each case, these algorithms do not produce the corresponding N-polynomials, at least not in an obvious way.
Some results regarding computationally simple constructions of specific sequences (F k (x)) k 0 of N-polynomials over GF(q) can be found in [1, 3, [8] [9] [10] [11] . Iterative constructions of irreducible polynomials of 2-power degree over finite fields of odd characteristics are given in [2] and [7] . Meyn [9] and Chapman [1] have shown that these polynomials are N-polynomials.
We will need Schwartz's theorem (i.e., Theorem 4.18 of Chapter 4 in [8] ) which allows us to check whether an irreducible polynomial is an N-polynomial:
Let n = n 0 p e with gcd(p, n 0 ) = 1 and e 0. For convenience, we denote p e by t. Suppose that x n − 1 = (x n 0 − 1) t has the following factorization in GF(q) [x] :
where i (x) ∈ GF(q) [x] are the distinct irreducible factors of x n 0 − 1, put m i := n − deg( i (x)), and choose elements t i ∈ GF(q), = 0, . . . , m i , with
Further, let L i (x) denote the corresponding linearized polynomial defined by
Proposition 2 (Menezes et al. [8, Theorem 4.18]). Let F (x) be a monic irreducible polynomial of degree n over GF(q), and let be a root of the polynomial. Then, F (x) is an N-polynomial over GF(q) if and only if
L i ( ) = 0 holds for each i = 1, 2, . . . , r.
N-polynomials and quadratic extensions
In this section, we will show that the construction presented in Proposition 1 produces an infinite sequences of N-polynomials over GF(2 s ) provided it starts with an N-polynomial: 
Then, the sequence (F k (x)) k 0 defined by
is a trace-compatible sequence of N-polynomials of degree 2 k n over GF(q).
Proof. Let = 0 be a root of F 0 (x).
Using the notation introduced in the previous section, we:
• write n as n = n 0 2 e where n 0 is an odd and e a non-negative integer,
• assume that, with t := 2 e , the polynomial x n − 1 factorizes over GF(q) [x] as
where the polynomials i (x) ∈ GF(q) [x] are the distinct irreducible factors of x n − 1, Let k be a root of F k (x) . We have to show that, for all k 0, k is a normal element of GF(q n2 k ) over GF(q). According to Proposition 1, the polynomial
To this end, we note that the polynomial
Thus, putting
we have
for all i = 1, 2, . . . , r. Next note that, in view of (4), k−1 :
Thus, recalling an argument that is well known in this context, we see that −1 k must be contained in the orbit of k relative to the Galois group of GF(q n2 k ) over GF(q), i.e., we must have
k for some j ∈ {1, 2, . . . , n2 k − 1}. However, as this implies that
k ) −1 = k and, hence, n2 k−1 |2j must hold, we must have j = n2 k−1 . Thus, we obtain that
must hold for all k = 1, 2, . . . and, hence,
Substituting 0 for
Hence, the element k is a normal element and F k (x) an N-polynomial over GF(q). This completes the proof.
Using the results obtained above and those from Chapter 4, Section 4.4, in [8] , we have-with s and q := 2 s as above-the following corollaries: 
Corollary 2. For s an odd integer, put
F 0 (x) := x 2 + x + a for some non-vanishing element a ∈ GF(q). Then, the sequence (F k (x)) k 0 defined recursively by F k (x) := x 2 k F k−1 (x + x −1 ), k 1 is a
